V ALLEN Final JEE-Main Exam January, 2024/01-02-2024/Morning Session

OVERSEAS
FINAL JEE-MAIN EXAMINATION - JANUARY, 2024
(Held On Thursday 01+t February, 2024) TIME:9: 00 AM to 12: 00 NOON
SECTION-A z
4
1. A bag contains 8 balls, whose colours are either | gol. I — Xdx -
white or black. 4 balls are drawn at random o SIn"(2x) +cos™(2x)
without replacement and it was found that 2 balls Let 2X =t then dX = 1 dt
are white and other 2 balls are black. The
probability that the bag contains equal number of %
white and black balls is: =1 | _ tdp
5 5 44 sin*t+cos’t
M = 2 =
5 7 3 (Z—tjdt
G = @ - =2l
7 5 Osm“(—tj%os“ (”—t]
2 2
Ans. (2) 4 -
SOl. 1 2 Edt
P(4W4B/2W2B) = '= Z! sin“t+cos't
P(4W 4B) x P(2W 2B / 4W 4B) i
P(2W6B) x P(2W 2B/ 2W6B) + P(3W5B) x P(2W 2B/ 3W 5B) 72 dt
Frveereren +P(BW2B) x P(2W 2B / 6W 2B) 21 = _jﬁ
8 ¢y sin“t+cost
lx 'C,x'C, x
_ 5 °C, 7 % sec tdt
- 2 6 3 5 6 2 21l =—
lx Céx C, +l>< Céx Cz_,_'_'_,_lx C,x°C, 8 ¢ tan* t+1 B
5 C, 5 C, 5 5C, Let tant = y then sec’t dt = dy
1+y“)d
5 I( - y ) y
== +
2 y'
» 1+L2
2 The value of the integral i Y dy
16+ 2, 1
z y 2
t xdx
I — 7 equals: 1
5 Sin“(2x) +cos™ (2x) Put y—; =p
(1) [” fg Ef_d
2
16 7 P’ +<\/§)
«/’ 21 272 .
3) ) . b
64 = tan”' | —=
Ans. (3) 0
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V2 1| 1
o L],

= ATC?A, then det X is equal to :
(1) 243

(2) 729

(3)27

(4) 891

Ans. (2)

O T
1 ,C=ABA and X

A= V2 1 }:det(A):B

1

1
B=
1

0

J = det(B) =1

Now C = ABA" =det(C) = (dct (A))*x det(B)
C[=9

Now [X| = |ATC?A|

=|A"|[CP |A]
=|AP[CP
=9x 81
=729
1 Jx

IftanA =———— tan B = —————

JX( + X+1) VX2 +x+1
and

1
tanC :(x‘?’er‘2 +x‘1)E 0<AB,C <%,then
A +Bisequal to:
(Hc
@) 7-C
3) 2z-C

T
Z_c
O

Ans. (1)
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AlPOWERED APP

Sol.

Sol.
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Finding tan (A + B) we get
= tan(A+B)=
1 Vx
+
tan A+tanB Jx(x2+x+1) X%+ x+1

1—tan Atan B 11
X2+ X+1

(1+ x)(\/x2 + x+l)
(X +x)(x)

= tan(A+B)=

(1+ x)(\/x2 4 x+1)
gt

X2 +x+1
xa/x

tan(A+ B) = =tanC

A+B=C

If n is the number of ways five different employees
can sit into four indistinguishable offices where
any office may have any number of persons
including zero, then n is equal to:

(1)47

(2)53

(3) 51

(4)43

Ans. (3)

Total ways to partition 5 into 4 parts are :
5,0,0,0 =1 way

5!
4,1,0,0 = — =5 ways
41
51
3,2,0,0, = —— =10 ways
312!

I
2,2,0,1:>L =15ways
212121

|
2111=> 5'3 =10
21(11)%3!

ways

51
3110 ﬁ =10 ways

Total = 1+5+10+15+10+10 = 51 ways
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6.

Sol.

Lets={zeC:|z-1=1and
(V2-1)(z+7)-i(z-7)=2V2}. Let 2, 2

€S be such that |z =max|z|and|z,| =min|z.
pASS] Zes

2
Then ‘\/Ezl - 22‘ equals :

D1 2)4
(33 42
Ans. (4)

LetZ=x+1y

Then (x- 1)’ +y*=1 —(1)
. (ﬁ—l)(2x)—i(2iy)= 22
= (2-Dx+y=v2->(2)

Solving (1) & (2) we get

1
Eitherx=1o0r X=—=—(3)
2—+/2
On solving (3) with (2) we get
Forx=1=y=1=7Z,=1+1

& for

2\/—:>yf

Now

N2z, -z,
=‘(%+1j\/§+i—(l+i)2
()

=2

Let the median and the mean deviation about the
median of 7 observation 170, 125, 230, 190, 210, a, b

Noi [“B*E

205
be 170 and Trespectively. Then the mean

deviation about the mean of these 7 observations is :
(1) 31
(2) 28
(3) 30
(4) 32
Ans. (3)

ALLEN
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Sol.

Sol.
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Median =170 =125, a, b, 170, 190, 210, 230

Mean deviation about
Median =
0+45+60+20+40+170-a+170—-b 205

7 7
—a+b=300
Mean = 170+125+230+190+210+a+b _175
7
Mean deviation
About mean =
50+175—-a+175-b+5+15+35+55 _30

Let d=-51 + ] —3K,b =

7

5:(((§x5)xf) )xl Then C - ( i+ ]+k
equal to

(1)-12 (2) -10

(3)-13 (4)-15

Ans. (1)

a=-5i+j—3k

b=i+2j—4k

(éxﬁ)xf:(é-f)ﬁ—(ﬁ f)é
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Sol.

10.

Sol.
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Let S = {x e R: (V3 +2) +(\3=+2)* =10}

Then the number of elements in S is :

(14 20
(3)2 1
Ans. (3)

(V3+42) +(VB=+2) =10
Let (\/§+\/§)x =t

t+1=10
t

t?—10t+1=0

tZlOi\/100—4 :5i2\/g

2

() =( 2

Xx=2o0rx=-2
Number of solutions = 2

The area enclosed by the curves xy + 4y = 16 and
x+ty==6isequal to:
(1)28-30 log, 2

(3)30-32 log, 2

(2)30-28 log, 2
(4)32-30 log, 2

Ans. (3)
Xy +4y =16 , X+ty=6
yx+4)=16__ (1) , x+ty=6_ (2)

on solving, (1) & (2)

wegetx=4,x=-2

(60

e J[00( 2

=30-32In2

ALLEN
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11.

Sol.

12.
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Let f: R > R and g : R > R be defined as

loge X , x>0

f(x) = and

&) e X , X<0
X , x>0

gx)= « . Then, gof : R—> Riis:
e , x<0

(1) one-one but not onto
(2) neither one-one nor onto
(3) onto but not one-one

(4) both one-one and onto

Ans. (2)
00, f(x)=20
=48 {ef(x), f(x) <0
e*X,(—OO, 0]
g(fx)) =1 €"™,(0,1)
InX, [1, ©)
\:0)1)@
) wy
Graph of g(f(x))

g(f(x)) = Many one into

If the system of equations

2x+3y—-z=5

xt+ay+3z=-4

3x-y+pz=7

has infinitely many solutions, then 13 of} is equal
to

(1) 1110
(3) 1210
Ans. (2)

(2) 1120
(4) 1220
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Sol.

13.

Sol.

14.

Using family of planes
2x+3y—z-5=ki(x+tay+3z+4)+k(Bx-y

+ pBz-17)
2=k t3k,3=ka-k,-1=3k + fky,-5=

4k, — 7k,
On solving we get
13 -1 -16
k = — f = — y = —70, = -
TR TG T

-16
13a =13 (JO)(FJ
=1120
For 0 <0 < /2, if the eccentricity of the hyperbola
x> — y’cosec’® = 5 is /7 times eccentricity of the
ellipse x* cosec’® + y* = 5, then the value of 0 is :

T 5
1) — 2) —
©) 5 ) 1

n T
3) — 4) —
3 3 4 2
Ans. (3)
g, =1+sin’ @
e, =\1-sin’@
eh :ﬁec
1+sin*@ =7(1—sin’ )
sinf9=2-3

8 4
sinﬁzﬁ
2

9="

3
Let y = y(x) be the solution of the differential
equation j—i =2x (x+y)Y —-x(x+y)—1,y0)=1.

2
Then, {%+ y[%} J equals :
4 3
1 2
O O3 7
2 1

3 4
3 1+ de “ e

Ans. (4)

ALLEN
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Sol.

15.

ay _ 2X(x+Yy)* —x(x+y) -1
dx

X+y=t

dt —1=2xt>—xt—1
dx
dt

2t3 —t

tdt
2t —t?

= Xdx

=xdx

Lett’=1z

dz

i)

= [ xdx

1
2—+e

Let f: R — R be defined as

=

a—bcos2x
52
f(x) = X2 +CX + 2 ;

2X+1 ; X>1

If f is continuous everywhere in R and m is the
number of points where fis NOT differential then
m+a+b+cequals:
(MH1

33

Ans. (4)

(2) 4
(4)2
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Sol. Atx =1, f(x) is continuous therefore, 2 y2
. 16. Let Stz = 1, a > b be an ellipse, whose
f(1)=f(1)=1(1") a“ b
flfy=3+c (1) eccentricity is 1 and the length of the latus
f(1") = Ling 2(1+h)+1 V2
” rectum is <14 . Then the square of the eccentricity
f1H=1lim3+2h=3 ....(2) 2 9
o ofX—Z——ZZIis:
from (1) & (2) a® b
c=0 (H3 )72
i i (3)32 4) 52
at x =0, f(x) is continuous therefore, Ans. (3)
ns.
£(07) = f(0) = f(0") ....(3) Sol.
f(0)=1f(0") =2 .4 1 b2 1 b2
f(0") has to be equal to 2 e=_2_ 1_¥ Ez Y
. - 2h 2
jim 2=Dcos(2h) .,
h—0 h a
4h*> 16h* b? 1 3
a-byl-—+ +o ey =41+— = [1+== |-
: 2! 41 a’ 2 2
lim 5
h—0 h s> 3
5 (&) = >
2 4
i a_b+bkh'_3h”} 17. Let3,a,b,cbein AP.and3,a—1,b+1,c+9be
hl_rB h? in G.P. Then, the arithmetic mean of a, b and c is :
for limit to exist a— b =0 and limitis 2b ...(5) (1) -4 -1
3) 13 @ 11
from (3), (4) & (5) Ans. (4)
a=b=1 Sol.
checking differentiability at x = 0 3,a,b,c > AP => 3, 3+d, 3+2d, 3+3d

1-cos2h \

. h2
LHD : lim
h—0 —h

2 4
1—(1—‘”"+16r: ...j—th
lim 2t 4l =0
h—0 _h

2

(0+h)+2-2

RHD : lim 0

h—0
Function is differentiable at every point in its domain
Som=0

m+a+b+c=0+1+1+0=2

ALLEN
AlPOWERED APP

3,a-1b+1,c+9 — G.P =3,2+d, 4+2d, 12+3d
(2+d) =3(4+2d)
d=4,-2

a=3+d

b=3+2d
c=3+3d
Ifd=4
a=7
b=11
c=15
a+b+c
3 -

G.P =3,6,12,24

11
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18.

Sol.

LetC:x*+y*=4and C’: x>+ y*-4Ax + 9 =0 be
two circles. If the set of all values of A so that the
circles C and C’ intersect at two distinct points, is
R-[a, b], then the point (8a + 12, 16b — 20) lies on
the curve :

() xX*+2y"—5x+6y=3

Q) 5x*—y=—11

B) X —4y*=7

4) 6x>+y* =42

Ans. (4)

x> + y2 =4

C (0, 0) r=2

C'2L0) 1= 42-9

|r1 — r2| <C(C'< |I'1 + r2|

‘2—\/4%—9 <|2r|<2+VM2 -9
4+42—9—4\NMZ -9 <42

True Ae R.... (1)

ME<4+402— 91442 -9
5<4402 -9 and

2 <4\ -9 Xe[—oo,—§ ) g,oo]
16 2

@<l2
64

A e[—oo,—l—:) u[%,oo) ...(2)
from (1) and (2) A €
= B2 = [22]

13 13

as per question a=—— and b=—
8 8

required point is (—1, 6) with satisfies option (4)

ALLEN
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19.

Sol.

20.
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If 5f(x) + 4f[1j =x"—2,V x #0and y = 9x*f(x),
X

then y is strictly increasing in :
1 1
o (o) %)
AN

NEENIS

Ans. (2)

5f(x)+4f(lJ=x2—2, vx#0...(1)
X

. 1
Substitute X —> —
X

1 1
On solving (1) and (2)

5x*—-2x7 -4

f(x)=——>

( ) 9X2
y = 9x*f(x)
y=5x'-2x"-4 ...(3)
dy =20x" —4x
dx
for strictly increasing
dy >0
dx

4x(5x° - 1)>0

[

If the shortest distance between the lines
x_—zk _ yIZ _ z;l and x—1 3 _ y_—21= 212
is 1, then the sum of all possible values of A is :
(10 (2) 23

(3) 3V3 (4) -23

Ans. (2)
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Sol. Passing points of lines L; & L, are

(2.21)&(+3,1,2)
B-21 -11
2 1 1
1 21
SD=———
i K
2 1 1
1 21
_[¥3-2
NG
A=0,1=24/3
SECTION-B
21. If x = x(t) is the solution of the differential

equation (t + 1)dx = 2x + (t + 1)) dt, x(0) = 2,
then, x(1) equals
Ans. (14)

Sol. (t+ 1)dx=(2x + (t+ 1)")dt

dx 2x+(t+1)4

dt t+1
dx 2x
@t Y
2
Lpeeltn® _gomwy - 1
(t+1)2

X 1 3
= (t+D)°dt+c
(t+1)2 '[(t+1)2\

2
X . :(t+1) e
(t+1) 2

=Cc=

N | w

4
X= MJrg(t+1)2

put,t=1

x=2+6=14

ALLEN
AlPOWERED APP

22.  The number of elements in the set
S={x,¥,2):X,y,2€ Z,x+2y+32=42,%x,y,z
>0} equals
Ans. (169)

Sol. x+2y+3z=42, X,y,220

z=0 x+2y=42=22
z=1 x+2y=39=20
z=2 x+2y=36=19
z=3 x+2y=33=17
z=4 x+2y=30=16
z=35 x+2y=27=14
z=06 x+2y=24=13
z=17 x+2y=21=11
z=28 x+2y=18=10
z=9 x+2y=15=28
z=10 X+2y=12=7
z=11 X+2y=9=5
z=12 X+2y=6=4
z=13 x+2y=3=2
z=14 x+2y=0=>1
Total : 169

23. If the Coefficient of x*° in the expansion of
1 6
[1+;j (1+x) (1 -x)*; x#0is a, then |

equals

Ans. (678)

Free Crash Courses
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Sol.

24.

Sol.

6 2\ (1 _ 3\
coeff of x*° in (X+1) (1+X6 ) (1 : )
X

coeff. of x** in (1 + x)6 (1 +x° )7 (1 —x3)
General term
6Cr] 7Cr28Cr3 (_l)rs Xr1+2r2+3r3

1, +2r, +3r, =36

r1 rZ r3
068
Case-1:| 2 | 5| 8 |1, +2r, =12 (Taking r3 = 8)
41418
6318
L1L |G
Case-1I : A r, +2r, =15(Taking r; = 7)
31617
5 7
I'1 I‘2 r3
Case-III : 7| 6 |r,+2r, =18 (Taking r; = 6)
6|16]|6

Coeff. =7+ (15 x 21) + (15 x 35) + (35)

—(6x8) — (20 x 7 x8)—(6 x 21 x 8) + (15 x 28)
+(7%x28)=-678 =0

lo| =678

Let3,7, 11,15, ..., 403 and 2, 5, 8, 11, .. ., 404
be two arithmetic progressions. Then the sum, of

the common terms in them, is equal to

Ans. (6699)

3,7,11, 15, ....., 403
2,5,8, 11, ...., 404
LCM (4,3) =12

11, 23, 35,..... let (403)
403=11+(n-1)x 12

ALLEN
AlPOWERED APP

25.

Sol.

392
12

33-66=n
n=233

Sum %(22+32x12)

n-1

=6699

Let {x} denote the fractional part of x and

cos T - O3?)sin T - {x3)
03-09°

and R respectively denotes the left hand limit and the

fix) = , x#= 0. If L

right hand limit of f(x) at x = 0, then 3—2 (L>+R?% is
T

equal to

Ans. (18)

Finding right hand limit
lim f(x) S }1123 f(O +h)

x—0"

=limf(h)

h—0

cos ™ (1-h*)sin"*(1-h)
h(L—h?)

cosl(l—-hz)[shr41J

1

h—0

= lim
h—0 h

Imtum*@—hﬂze:>ame=1—h2

M9
2 00 {1 —cos 0
i
2020 1_cosH

62
_r 1
241/2
i
R=—
2
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Now finding left hand limit Sol. x*+y*=3and x’ =2y
L =lim £(x) Y42y -3=0= (y+3)(y-1)=0
:ng(}f(_h) y=-3ory=1
cos l(1—{—h}2)sin"1(1—{—h}) y=1x= 2 = P(\/E,l)
=lim
h5>0 Rl
{ h} { h} p lies on the line
cos™ (1— ~h+1 z)sin*1 1-(-h+1
I Y N ) Brryea
(-h+1)=(-h+1) V2({2)+1=a
~ cos’! (—h2 +2h)sin‘1 h a=3
= lim 5
=0 (1=h)(1=(1-h)’) For circle Cy
) (nj sin"'h Q, lies on y axis
=lim| —~ |———~
b0 2 (1—(l—h) )
Let Q, (0, a ) coordinates
_T sin”" h
) ho —h%+2h R, = 24/3 (Given
n. (sinh 1 Line L act as tangent
=—lim
2ho0( h -h+2
Apply P =r (condition of tangency)
L=, a-3
4 =|==|=23
2 2 Jg
£(L2 Rz) = 2 TE_ S TC_ 3 6
o P2 16 =le-3=
=16+2 a—-3=6 or a—3=-6
=18
=a=9 o=-3
26. LetthelineL: v2 x + y = «a pass through the point
of the intersection P (in the first quadrant) of the circle \/E 1
x> +y* =3 and the parabola x* = 2y. Let the line L aPQQ, :% 0 9
touch two circles C; and C, of equal radius 2+/3 . If 0 -3
the centres Q; and Q, of the circles C; and C, lie on the _ 1 ( \/E (12)) B \/E
y-axis, then the square of the area of the triangle 2 ,
PQ,Q; is equal to ) (APQlQZ ) =172
Ans. (72)

ALLEN
AlPOWERED APP
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27. Let P={z e C :|z+ 2 -3i| <1} and ” j 8\/_COSXdX o B log, (3 + 2
. =an .
Q={zeC :z(+i)+Z (1-i)<-8}.Letin 7 (1+€5M%)(L+ sin* x)
P N Q, |z—3 + 2i| be maximum and minimum at J2 ), where o, B are integers, then o + B* equals
z; and z, respectively. If |z,|* + 2|z]* = o + B J2,
where o, P are integers, then o + [ equals Ans. (8)
o 1] vl
ol. = _
Ans. (36) e (1+€™)(1+sin* x)
2
Sol. .
N Apply king
/ | JZ- 8+/2 cos x(e*"*) & (2)
T = . -
! : (1+ es'“x)(1+sm4 x)
? 2
< / AN > adding (1) &(2)
) g xty-1=0(L) o = ,[ 8\/_cosx
(L) x—y+t4d=10 1+sin® x
3
v %
2
Clearly for the shaded region z, is the intersection j 8\/_(:05 X X,
1+sin® x
of the circle and the line passing through P (L) 0
sinx =t
and z, 1s intersection of line L; & L, 4 \/_
8v2
Circle : (x +2)% + (y - 3)*=1 == dx
L:x+y-1=0 o 11
e 1+ L 1 L
: _ 1 & 1-=
Ly:x—-y+4=0 |:4\/§j 12 B 12 it
On solving circle & L, we get 0| t2 +t]; t2 + iz
1 1
(g 1) ()
| =42 A dt
On solving L; and z, is intersection of line L; & L, 0 (t _1) 49 (t N 1) 9
we get z, : [ -3 5)
2 1 1
22 Lett—>=z&t+7 =k
2| +2|z,] =14+ 52 +17
=31+5y2
So a=31
f=5
a+ =36

ALLEN
AlPOWERED APP
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S dz % ok i j Kk
=42 - L
J___[Oz2+2 £k2—2 bxd=[1 -1 1
] O , 1 1 -1
42 itan‘li} L k=2 A a
_\/E \/E > 2\/5 k+\/§ . =0i+2j+2k(DR's of Line perpendicular to
i _ L;and L,)
42| 2 - L {In2 ﬁ} 1 2
22 22| 2+42 DR of AB line
=27 +2In(3+242) =(0,2,2)=(3+p—-A3+p+A3-p-1)
a=2 34p-A  34p+d  3-p-2
f=2 0 2 2

29. Let the line of the shortest distance between

the lines

L: F:(f+2]+3f<)+k(f—]+f<) and
L,: F:(4?+5]+6I2)+p(?+]—f<)
intersect L; and L, at P and Q
respectively. If (a, B, y) is the midpoint
of the line segment PQ, then 2(a + B + y)

is equal to

Ans. (21)

A(]. + ?-.._.,2 - ?'l.-_.,3 + ?'u)

Sol.

b=i—j+k (DR'sofL,)

d=1+j—k (DR's of L,)
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Solving above equation we get p = —5 and A = 5

point A = é,l,g
222

g5 115
2°2 .2
. 5
Point of AB = (5,2,6j Z(OC,B,Y)

2 +B+y)=5+4+12=21
Let A= {1, 2, 3, .. 20}. Let Ry and R, two
relation on A such that

R, = {(a, b) : b is divisible by a}

R, = {(a, b) : a is an integral multiple of b}.

Then, number of elements in R; — R, is equal

Ans. (46)

n(R)=20+10+6+5+4+3+2+2+2

+2+1+...+1
%/_/

10times
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n(R;) = 66
R, MR, ={(1,1),(2,2)....(20,20)}
n(R,NR,)=20
n(R,—-R,)=n(R,)-n(R, NR,)
=n(R,)-20

=66-20

Rl - R2 =46 Pair
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